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Framework: Weighted CSP

Å (X,D,F,k)

ï X={X1,..., Xn} n variables

ï D={D1,..., Dn} n finite domains of maximum size d

ï F={f1,é,fm}, a set of m cost functions

fS with scope S, assigns a positive cost to any assignment of S

f problem lower bound (obtained by enforcing local consistency 
by Equivalence Preserving Transformations)

ï k, maximum cost and global upper bound

Å Find an assignment A of all the variables which minimizes

×fSÍF fS ( A[S] )

NP-hard problem
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Observation

ÄOptimization problems are harder than 
satisfaction problems

CSP vs. Max-CSP



Combinatorial Optimization

Find a schedule for the
satellite that maximizes

the number of photographs taken,
subject to the on -board recording 

capacity 

Assign  frequencies to a set of radio links
such that interferences are minimized

n Ò 458, e Ò 5,000

n Ò 364, e Ò 10,108



Combinatorial Optimization

Find a minimum number  of erroneous
genotypes such that their removal
restores consistency in a complex 

pedigree

Select a minimum number of markers 
such that they cover all the markers 

and secondly, maximize weighted 
coverage sum of unselected markers 

and maximize dispersion between 
selected markersn Ò 20,000, e Ò30,000

n Ò 1,500, e Ò 150,000
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Many real applications have a structured network

SPOT5 # 509 (Constraints 4(3), 1999) 

langladeM7 sheep pedigree

(Constraints 13(1), 2008) 

CELAR SCEN-07r

(Constraints 4(1), 1999) 

Earth

Observation

Satellite

Management

Radio
Link

Frequency
Assignment

Mendelian
Error

Detection

Tag
SNP

Selection

HapMap chr01 r2Ó0.8 # 14481

(Bioinformatics 22(2), 2006)



CELAR 6 results since 1993 
n. of vars: n= 100, domain size: d= 44, n. of cost functions: e= 1222
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Time of optimality proof Method(s) used Publication

26 days
(SUN UltraSparc167 MHz)

Ad-hoc problem 
decomposition & Russian 
Doll Search (22 vars only)

(de Givry, Verfaillie, 
Schiex, CP 1997)

3 days
(SUNSparc2)

Ad-hoc problem 
decomposition & PFC-
MRDAC (22 vars only) 

(Larrosa, Meseguer, 
Schiex, AIJ 1998)

8 hours
(DEC Alpha 500MP)

Preprocessingrules & 
Cluster Tree Elimination

(Koster PhD thesis, 1999)

3 hours
(PC 2.4 GHz)

B&Bwith EDAC & tree 
decomposition (BTD)

(de Givry, Schiex, 
Verfaillie, AAAI 2006)

1ô 26ò
(PC2.5 GHz)

BTD & variable ordering 
heuristisc&dicho branching

(Sanchez, Allouche, de 
Givry,Schiex, IJCAI 2009)

CELAR 7 (n= 200) solved in  4.5 days (Sanchez et al, IJCAI 2009)

CELAR 8 (n= 458) solved in 127 days (Allouche et al, CP 2010)

All CELAR and GRAPH instances are closed!

25000x
16 x



Solving methods

Search: Conditioning

Complete

Incomplete

Simulated Annealing
Tabu Search, VNS,

Complete

Incomplete

Cluster Tree Elimination

Variable Elimination

Local Consistency

Mini-bucket(i)

Stochastic Local SearchDepth-First 

Branch & Bound

A*

Inference: Elimination
Time: exp(treewidth)

Space:exp(treewidth)

Time: exp(n)

Space: linear

Hybrids

BTD, AND/OR graph 

search
Time: exp(treewidth)

Space: exp(treewidth)

(slide from IJCAIô09 tutorial) 8

BB-VE

Time: exp(n)

Space: linear



Depth­First Branch and Bound (DFBB)

(LB) Lower Bound

(UB) Upper Bound

If       ²UB then prune
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)

under estimation of the 
best solution

in the sub-tree

= best solution found so far

Each node is a WCSP subproblem
(defined by current conditioning)

LBfÅ

= fÅ

= k

k

Obtained by enforcing local consistency
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Combination of cost functions

A B f(A,B)

b b 6

b g 0

g b 0

g g 6

B C f(B,C)

b b 6

b g 0

g b 0

g g 6
A B C f(A,B,C)

b b b 12

b b g 6

b g b 0

b g g 6

g b b 6

g b g 0

g g b 6

g g g 12

+

= 0 + 6



Elimination in a cost function

A B f(A,B)

b b 4

b g 6

b r 1

g b 2

g g 6

g r 3

r b 1

r g 1

r r 6

Elim(f ,B) A g(A)

b

g

r

1

1

2

Elim(g,A)
hÅ

1

Min



Conditioning a cost function

A B f(A,B)

b b 6

b g 0

b r 3

g b 0

g g 6

g r 0

r b 0

r g 0

r r 6

Assign(fAB,A,b)

B

b 6

g 0

r 3 g(B)

Assign(g,B,r)

0

3
hÅ
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Conditioning vs. Elimination

A

G

B

C

E

D

F

Conditioning (search) Elimination (inference)

A=1 A=dé

G

B

C

E

D

F

G

B

C

E

D

F

A

G

B

C

E

D

F

G

B

C

E

D

F

d ñsparserò problems 1 ñdenserò problem
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Variable elimination (aka bucket elimination)

Ä Eliminate Variables one by one.

ÄWhen all variables have been eliminated, 
the problem is solved

ÄOptimal solutions of the original problem 
can be recomputed 

ÅComplexity: exponential in the induced width
(maximum degree found during the elimination process)

ÅMinimizing induced width is NP-hard.
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Computing the Optimal Cost Solution

0=e

min

Constraint 
graph

A

D E

CBB C

ED

Variable Elimination

bcde ,,,

min
0=

f(a,b)+f(a,c)+f(a,d)+f(b,c)+f(b,d)+f(b,e)+f(c,e)OPT =

f(a,c)+f(c,e) +
c

min

),,,( ecdah
B

f(a,b)+f(b,c)+f(b,d)+f(b,e)
b

min
d

min f(a,d) + 

Combination
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Elimination operator

OPT

bucket  B: 

f(c,a) f(c,e) 

f(a,b) f(b,c) f(b,d) f(b,e)

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

e=0

(a)h
E

e)c,d,(a,h
B

e)d,(a,h
C

Finding

ä
b

min

ä=
=

r

j
j

XX

XfOPT
n 11

)(min
,...,

Algorithm elim -opt (Dechter, 1996)
Non-serial Dynamic Programming(Bertele & Briochi, 1973)

B

C

D

E

A

f(a,d) 

e)(a,h
D

),(),(),(),(),(),(),(min
,,,,

ecFebFdbFcbFdaFcaFbaFOPT
bcdea

++++++=
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Generating the Optimal Assignment

C:

E:

f(a,b) f(b,c) f(b,d) f(b,e)B:

D:

A:

f(c,a) f(c,e)

e=0 e)(a,h
D

(a)h
E

e)c,d,(a,h
B

e)d,(a,h
C

(a)h
E

a

min arga'  1. =

0e'  2. =

C
f(a',d) h (a',d,e')= +

d

3.   d' arg min

( , ')

                            ( ', ', , ')
B

f(c,a') f c e

h a d c e

= + +

+

c

4.   c' arg min

                          

f(a',b) f(b,c')

f(b,d') f(b,e')

= + +

+ +

b

5.  b' arg min

)e',d',c',b',(a'   Return

f(a,d)
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exp(w*= 4)
òinduced widthò 
(max clique size)

Complexity

Elimination operator

OPT

bucket  B: 

f(c,a) f(c,e) 

f(a,b) f(b,c) f(b,d) f(b,e)

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

e=0

(a)h
E

e)c,d,(a,h
B

e)d,(a,h
C

ä
b

min

B

C

D

E

A

f(a,d) 

e)(a,h
D

Algorithm elim -opt (Dechter, 1996)
Non-serial Dynamic Programming(Bertele & Briochi, 1973)

),(),(),(),(),(),(),(min
,,,,

ecFebFdbFcbFdaFcaFbaFOPT
bcdea

++++++=



20

Complexity of Bucket Elimination

))((exp (
*

dwrO
*
( ) the induced width of the primal graph along ordering w d d-

The effect of the ordering:

4)(
1

*
=dw 2)(

2

*
=dwconstraint graph

A

D E

CB

B

C

D

E

A

E

D

C

B

A

Finding smallest induced -width is hard!

r = number of functions

Bucket-Elimination is time and space



X1

X3

X5X4

X2

Search Basic Step: 
Conditioning

(slide from IJCAIô09 tutorial) 21



X1

X3

X5X4

X2
ÅSelect a variable

Search Basic Step: 
Conditioning

(slide from IJCAIô09 tutorial) 22



X1

X3

X5X4

X2

X3

X5X4

X2

X3

X5X4

X2

X3

X5X4

X2

é...

é...

X1 « a
X1 « b

X1 « c

Search Basic Step: 
Conditioning

(slide from IJCAIô09 tutorial) 23



X1

X3

X5X4

X2

X3

X5X4

X2

X3

X5X4

X2

X3

X5X4

X2

é...

é...

X1 « a
X1 « b

X1 « c

General principle:

Condition until tractable

Then solve sub-problems

efficiently

Search Basic Step: 
Variable Branching by Conditioning

(slide from IJCAIô09 tutorial) 24



X1

X3

X5X4

X2

X3

X5X4

X2

X3

X5X4

X2

X3

X5X4

X2

é...

é...

X1 « a
X1 « b

X1 « c

Example: solve 

subproblem by 

inference, VE(i=2)

Search Basic Step: 
Variable Branching by Conditioning

(slide from IJCAIô09 tutorial) 25



Eliminate First

(slide from IJCAIô09 tutorial) 26



Eliminate First

(slide from IJCAIô09 tutorial) 27



Eliminate First

(slide from IJCAIô09 tutorial) 28



Interleaving Conditioning and Elimination

(slide from IJCAIô09 tutorial) 29



Interleaving Conditioning and Elimination

(slide from IJCAIô09 tutorial) 30

Solve the rest of the problem

by any means



First hybrids:
Search & Variable Elimination

Condition, condition, condition é and 
then only eliminate ( Cycle-Cutset)

Eliminate, eliminate, eliminate é and
then only search

Interleave conditioning and elimination

(slide from IJCAIô09 tutorial) 31



Interleaving Conditioning and Elimination

BB-VE(2) (Larrosa & Dechter, CP 2002)

(slide from IJCAIô09 tutorial) 32



Interleaving Conditioning and Elimination

BB-VE(2)

(slide from IJCAIô09 tutorial) 33



Interleaving Conditioning and Elimination

BB-VE(2)

(slide from IJCAIô09 tutorial) 34



Interleaving Conditioning and Elimination

BB-VE(2)

(slide from IJCAIô09 tutorial) 35



Interleaving Conditioning and Elimination 

BB-VE(2)

(slide from IJCAIô09 tutorial) 36



Interleaving Conditioning and Elimination

BB-VE(2)

(slide from IJCAIô09 tutorial) 37



Interleaving Conditioning and Elimination

BB-VE(2)

...

...

(slide from IJCAIô09 tutorial) 38
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Mendelian error detection

Â Given a pedigree and partial 

observations (genotypings)

Â Find the erroneous genotypings, 
such that their removal restores 
consistency

Â Checking consistency is NP-complete (Aceto et al., Comp. Sci. Tech.2004)

Â Minimize the number of genotypings to be removed

Â Maximize the joint probability of the true genotypes (MPE)

Pedigree problem size: 
nÒ20 ,000 ; d= 3ð66 ; e( 3)Ò30 ,000

(Sanchez et al, Constraints 2008)
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Pedigree

B&B with dom/deg

B&B with last conflict

B&B-VE(2) with dom/deg

B&B-VE(2) with last conflict

Åtoulbar2 v0.5 with EDAC3 and binary branching

ÅMinimize the number of genotypings to be removed

ÅCPU time in seconds to find and prove optimality

on a linux PC 3 GHz with 16 GB



Pedigree

41
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Pedigree
B&B-VE(2)

Åtoulbar2 with last conflict
ÅMinimize the number of genotypings to be removed
ÅCPU time in seconds to find and prove optimality



Solving methods

Search: Conditioning

Complete

Incomplete

Simulated Annealing
Tabu Search, VNS,

Complete

Incomplete

Cluster Tree Elimination

Variable Elimination

Local Consistency

Mini-bucket(i)

Stochastic Local SearchDepth-First 

Branch & Bound

A*

Inference: Elimination
Time: exp(treewidth)

Space:exp(treewidth)

Time: exp(n)

Space: linear

Hybrids

BTD, AND/OR graph 

search
Time: exp(treewidth)

Space: exp(treewidth)

(slide from IJCAIô09 tutorial) 43

BB-VE

Time: exp(n)

Space: linear



Second hybrids:
Search & Cluster Tree Elimination

Depth-First Branch and Bound
exploiting a tree decomposition with:

Â A restricted variable ordering

ÂGraph-based backjumping

ÂGraph-based learning

Ý Lazy elimination of subproblems

using search

44
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Structural tractability

Tree-structured binary WCSPs are tractable

x1

x2 x3

x4 x5 x6 x7

Project out leaf nodes by minimising over possible assignments

Proceed from the leaf nodes to a chosen root node

Time complexity O(e d2)
Space complexity O(n d)

n: number of variables
d: maximum domain size
e: number of cost functions

e.g. add PROJx2(fx4 + fx2,x4) to fx2



Acyclic r-ary WCSPs are tractable

46

Structural tractability

x1

x2 x3

x4 x5 x6 x7

e.g. add PROJx4,x5(fx6 + fx4,x5,x6) to fx4,x5

Proceed from the leaf hyperedges to a chosen root hyperedge

Time complexity in O(e d r)
Space complexity in O(n ds)

Each cost function
is represented by
an hyperedge

r: bounded max arity
s: max{|UÆV|: fUÍfV}



A collection of subsets of X (clusters) organized 

as a tree 

47

Tree decomposition

x1

x2 x3

x4 x5 x6 x7

ÅÇEi = X
Å"fSÍF, $Ei such that S ÍEi

Å"x ÍX, {Ei : x ÍEi} forms a connected subtree

Properties: 

E1: {x 1,x2}

E2: {x 2,x4,x5}

E3: {x 4,x5,x6}

E4: {x 1,x3}

E5: {x 3,x7}



A collection of subsets of X (clusters) organized 

as a tree 
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Tree decomposition

x1

x2 x3

x4 x5 x6 x7

ÅÇEi = X
Å"fSÍF, $Ei such that S ÍEi

Å"x ÍX, {Ei : x ÍEi} forms a connected subtree

Properties: 

E1: {x 1,x2,x7}

E2: {x 2,x4,x5,x7}

E3: {x 4,x5,x6,x7}

E4: {x 1,x3,x7}

E5: {x 3,x7}



A collection of subsets of X (clusters) organized 

as a tree 
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Tree decomposition

x1

x2 x3

x4 x5 x6 x7

ÅÇEi = X
Å"cSÍP, $Ei such that  S ÍEi

Å"x ÍX, {Ei : x ÍEi} forms a connected subtree

Properties: 

E1: {x 1,x2,x3}

E2: {x 2,x4,x5}

E3: {x 4,x5,x6}

E4: {x 3,x7}



E1

E2

E3
E4

Bounded treewidth VCSPs are tractable

Tree decomposition

E1

E2

E3

E4

Time complexity O(e dw+ 1)
Space complexity O(n ds)

w: bounded treewidth
= max |Ei| - 1

s: max {|E iÆEj|: iÍj}

Finding a tree decomposition with minimum w* is NP -hard!

50
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Cluster tree elimination

x1 x2 x3

x5x4 x6

x8

x7

x9
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Cluster tree elimination

x9

x1 x2 x3

x5x4 x6

x8

x7

Tree decomposition
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x7

x1 x2

x5x4 x6

x3

x5 x6

x8

x2 x3

x5 x6

x9x8

u

r

v
p

w

Choose a root r
Ą

Rooted cluster tree
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x7

x1 x2

x5x4 x6

x3

x5 x6

x8

x2 x3

x5 x6

x9x8

u

r

v
p

w

Cluster Tree Elimination

( , )m u r

)],([

)(

rusepf

uCf
ö
ö

÷
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æ
æ

ç

å

ä
Í



Alenya, February 2008 55

x7

x1 x2

x5x4 x6

x3

x5 x6

x8

x2 x3

x5 x6

x9x8

u

r

v
p

w

Cluster Tree Elimination

( , )m u r
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x7

x1 x2

x5x4 x6

x3

x5 x6

x8

x2 x3

x5 x6

x9x8

u

r

v
p

w

Cluster Tree Elimination

( , )m u r

( , )m p v

( , )m w r
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x7

x1 x2

x5x4 x6

x3

x5 x6

x8

x2 x3

x5 x6

x9x8

u

r

v
p

w

Cluster Tree Elimination

( , )m p v

( , )m w r( , )m u r

( , )m v r
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x7

x1 x2

x5x4 x6

x3

x5 x6

x8

x2 x3

x5 x6

x9x8

u

r

v
p

w

Cluster Tree Elimination

( , )m p v

( , )m u r ( , )m w r

( , )m v r

ÅTime complexity
Q(exp(w+1))

w=max(cluster size-1)
= induced width
= treewidth

ÅSpace complexity 
Q(exp(s))

s=max(separator size)
Ò w
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History / terminology

Operations Research: Non serial dynamic
programming (Bertelé Brioschi, 72) 

Databases: Acyclic DB (Beeri et al 1983) 

Bayesiannets: Join-tree (Pearl 88, Lauritzen 
et Spiegelhalter 88)

Constraint nets: Adaptive Consistency
(Dechter and Pearl 88)

Genetics: Peeling (Elston and Stewart 71)



Radio Link Frequency Assignment Problem 
(Cabon et al., Constraints1999) (Koster et al., 4OR2003)

Â Given a telecommunication network

Â éfind the best frequency for each 

communication link, avoiding 
interferences

Â Best can be:

Â Minimizethe maximum frequency, no interference (max operator)

Â Minimize the global interference (sum operator )

Â Generalizesgraph coloring problems: |f i ïfj| ²a

CELAR problem size: n=100 ð458 ; d=44 ; e=1,000 ð5,000

60



Tree decomposition example

61

CELAR scen06r
n = 82

d = 44
e = 327
w = 26

s = 3
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CELAR scen08r
n = 365

d = 44
e = 1539
w = 85

s = 4

(Allouche et al, CP 2010)
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Soft 2-Coloring example

A

D

B C

E

F

G
J

I
H

K

Xi Xj cij

1

0

0

1
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Soft 2-Coloring example

A

D

B C

E

F

G
J

I
H

K

Optimal solution 
with a cost of 5
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C5

C4

C3

C2

C1

Tree Decomposition

C3

C1

C4C2

C5

A

D

B C

E

F

G
J

I H

K

{D} {D}

{E,F} {D,I,J}

The set of clusters
covers
the set of variables and
the set of cost functions

Separator = i ntersection 
between
two connected clusters
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C4

C3

C

2

C1

Search with Tree Decomposition

C5

A

D

B C

E

F

G
J

I
H

K

The assignment
of a separator
disconnects the problem
into two independent
subproblems

C3

C1

C4C2

C5

{D} {D}

{E,F} {D,I,J}
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C4
C5

C3

C2

0 1

0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1

0 1

0 1 0 1 0 1 0 1

0 1 0 1

E

G

F

D0 1

A

D

B C

E

F

G

J

I H

K

Search with Tree Decomposition

K

J

I 

H 

P2 / {(D=red)}

C3

C1

C4C2

C5

P4 / {(D=red)}

P2 / {(D=green)}

P4 / {(D=green)}

{D} {D}

{E,F} {D,I,J}

AND/OR tree search
(Marinescu & Dechter, AIJ 2009)

time O(exp(w log(n))
linear space


